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Abstract

In this paper, the methodology of fractional calculus is applied to the electric parallel
RLC circuit. The existence and uniqueness of the solution of the model are proved.
The mathematical model is solved by both Adomian decomposition and Laplace
transform methods. A brief comparison between these methods is introduced.
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1. Introduction

Fractional derivatives provide excellent instruments for the description of
memory and hereditary properties of various materials and processes.
This is the main advantage of fractional derivatives in comparison with
classical integer-order models, in which such effects are in fact neglected.
The advantages of fractional derivatives become apparent in modeling
mechanical and electrical properties of real materials, as well as in the
description of rheological properties of rocks, and in many other
applications in the fields of physics, signal processing, fluid mechanics,
mathematical biology, and bioengineering [1-5]. The other large field
which requires the use of derivatives of non-integer order is the recently
elaborated theory of fractals, has opened farther perspectives for the
theory of fractional derivatives, especially in modeling dynamical
processes in self-similar and porous structures [6-9]

Capacitors and inductors are the main elements in analogue circuits
and are used comprehensively in many electronic systems. However, the
ideal capacitor and ideal inductor cannot exist in nature, because the
impedance of the capacitor of form 1/(jeC) and the impedance of the

inductor of the form (jwL) would violate the causality. In fact, the

dielectric materials exhibit a fractional behavior yielding the impedance
of the real capacitor of the form 1/[(jw C)*] and the impedance of the

real inductor of the form[(j wL)”], with o, e R* [10-14].
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2. Fractional Calculus Definitions and Concepts

This section introduces some basic definitions and properties of fractional
calculus theory [1], [10] and [11]

Letl' = L'[a,b], O0<a,b<w be class of Lebesgue integralable

functions on[a, b].

Definition 1
The Riemann-Liouville integral operator of order o >0 of the function

v (t) e L is defined by

o [ (t=s)"v(s)
Jov) = [ ——d 2.1
VO =T 0 (2.1)
where T'(a) is the gamma function. As a special case, when a=0, we
write Jg =3¢
Definition 2

The Riemann-Liouville fractional derivative of v(t) of order «
m-1<a <m, is defined by

qn
dt™

"DV (t) = JI v (t) (2.2)

Definition 3
The Caputo fractional derivative of orderae(m-1,m],m =123, ..., of

the absolutely continuous function v (t) is defined by

o _ m-o ﬂ _ t (t —S )m_“_l (m)
DIv() = 3" V() = j TR (s)ds (2.3)
When a =0 we can writeD{ = D*.
Definition 4
The Laplace transform of the function v (t), denoted by V (s), is defined
by the equation
% (s)=L[v(t)]=Te‘5tv(t)dt (2.4)
0
Laplace transform of Caputo derivative is
L{D“v(t)}=s"V (s)—nzf1 s“*k*1v<k>(0)\t_0, n=[a] (2.5-a)
k=0 B

Laplace transform of the Riemann-Liouville integral
L{Jv@)}=s7V(s) (2.5-b)
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3. Fractional Order Parallel RLC Circuit
Our aim here is to generalize the model of parallel RLC circuit by using the
following Caputo derivative: (for more details see [10], [12] and [13])

i.t) =C DPv_(t),0<B<1, t>0 (3.1)

v,t)=LD%it), O<a<l,t>0 (3.2)
Consider the circuit of figure (1) consisting of resistor R, capacitor C and
inductor L which are connected in parallel, where i,(0)=1,,is the initial

inductor current, v_(0) =v, is initial capacitor voltage, u,(t) is the unit step
function andi_ (t) is the current source [19].

TR I
v(t) R L
igug(t) l -

Figure (1)
This circuit can be modeled by the following fractional order integro-
differential equation

C Dth(t)+%J°‘v(t)+%v(t)+lo=is(t),t >0 (3.3)

AY |
/1
(]

By using equation (3.1), we can transform equation (3.3) to the following
fractional order integral equation

i (t)— J‘“BI (t)—icJﬁu t)- ( Jev (0)+ v, (0)+1,—i (t)) (3.4)
Wewrlte
i)=f (t, 3%@), 3°Pi @)=k, i (t)—k, I° i(t)—(%J“vc(0)+%vc(0)+lo—is(t))
1 1
where i) =i_(t) k,= = k2=E,oce(O,1],Be(O,1]

3.1 The state equation of the circuit
We can describe parallel RLC circuit by the state equations of the form

[15]
dax1(t) 1
d*x, () , 1 ;
dt® | _ L |[x) .
' 0| | L L {xz(t)}[ci]['s“)] (3.5)
dtf C RC
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where x,(t)=i, () and x,(t) =v. ().
Assuming that the fractional order for inductor and capacitor are equal,
l.e. a=p=q the state equation may be described by the following

equation:
%:Axa)wisa), 0<q <L (3.6)
The solution of equation (3.6) may be obtained as follows:
X(t) = D, t)x, + T‘D t-s)Bi(s)ds, x(0)=x, (3.7)
where
y(t) = E, (At7) = 3 AT (3.8)
° ‘ mo(mqg+1) ’
ot)= Y Any o (3.9)
4% T((m+1)q) '
and

() =i, (t) —i () —i, (t) (3.10)
where E_(At?) denotes the Mittage-Leffler matrix function.

3.2 Existence and uniqueness of the solution
Define the mapping F:E —E where E is the Banach space (c[o, 7], |I.11):

the space of all continuous functions on [0, T ] with the norm
|y I = supeefo,m |y ()|

Theorem

Let f satisfies the Lipschitz condition [2] then problem (3.4) has a unique
solution i eC[0,T ]

Proof

The mapping F:E —E is defined as

Fi=f (t, J%i, J“% ), i,y,zeC[0,T]

then, y — Fz =f (t, 3%y ,J"Py)—f (t,J%z,3%Fz)
This implies that

|Fy —Fz| < kl‘JBy—Jf’z‘+k2‘J°‘+By—J°‘+Bz‘

kl

Fy —Fz | <
| = e

t k t
(t—s)*|y —z|ds + 2 (t =s)*“Ptly —z |ds
fa=srly—zls v min ] v =2
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t
|Fy —Fz | < F( _([ —s )P Sup. |y —z |ds +
t
a+p-1 _
P | O s,y s
k,
|Fy —Fz | < o) z | J'(t—s)‘31 ds +
k,
_ t oc+[3—1d
fory 1Y z||I< —s)*"ds
t k t
Fy —Fz | < |y -z t—s)tds+ —2— (t—s)‘”“‘ldsj
| =<1 ”{T(B) F(G+B)'<[
k, T P
Fy —Fz|<|y- 2
| y ‘ | ||y ” [F(B+1) F(oc+[3+1)}

B a+p
If k = kK, T N k, T
re+1)) TI(a+p+21)
| Py =Fz [ < k[y-z]
Therefore, the mapping F is a contraction and there exists a unique
solution i € C[0,T ] to the equation (3.4).

J< 1 we get

4. Approximate Solution of the Model Using Different Methods
In this section the Laplace transform and Adomian decomposition methods
will be used to solve the model.

4.1 Laplace transform method (LTM)
Applying LTM to both sides of equations (3.3) and (3.4), we get

SUPy (0) 44 5Ol (8)—— 1, 5%
o+ o
S ¢+ s+
RC LC
a+2p-1 a+p _ a+p-1
I(s) = Cv . (0)s +s“I,(s) — 1,8 —Cvc(O)sf”l 4.2)

o+ 1 o 1
U 4 —— st 4+ —
RC LC

We then, use FORTRAN code to evaluate the inverse Laplace transform of

(4.1) and (4.2) to get v (t) and i () at different values of o and B
numerically.

4.2 Adomian Decomposition Method (ADM)
By using ADM, the solution is obtained as an infinite series in which
each term can be easily obtained using the preceding terms that converge
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rapidly towards the accurate solution. According to ADM, we can deduce
from (3.4) the following recurrence relation [17, 18]:

00 == 73V 0= v, (0) = 1 + i, 0) (4.3)
: R T S
In+1(t) - LC ‘J Ic(t) RC ‘] Ic(t) (44)
And the solution of equation (3.4) will be
L0 = 0,0, v.0= 23710+, (4.5)

5. Numerical Examples
In this section we will introduce three examples to describe the under
damped, over damped and critical damped response.

Example (1): Circuit under damped response

In this example, we will wuse the following data [19]:
i,(0)=0, v,(0)=0, R=100Q, L=10H, C=1500uF, i (t)=10u,(t)

The following figures represent the capacitor current and the capacitor
voltage at different values of oand g

under damped current

10

—— — alpha=beta=_95
— - — - alpha=_95 beta=1
+  alpha= 95 beta=9 [|
alpha=1_beta=1
G - -

3k

0 0.2 0.4 0.5 0.8 1 1.2 1.4

Figure (2) the capacitor current i t) by LTM
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under damped volt

500 T T T T ' :

Pt — — alpha=beta= .95

R — - — -alpha=.95 beta=1
400 o . +  alpha=.95 beta=9 N

alpha=1 beta=1

300

200

100 H

-100

300 1 1 1 L 1 1
0 : X _ .

—_ zlpha=beta=1 b
— alpha=lbata=82
zlpha=beta=53

zlpha=03 bata=5

i.t) by ADM

500 C T T T T T
ol — alpha=bata=1 ]
; - alpha=1 batz=23
seop | ]
(D) zlpha=bata=03
W dlpha=25 perz=f( ]

wol

—100fF

Figure (5) the capacitor voltage v, () by ADM
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Tables (1) and (2) show a comparison between the absolute error of LTM
solution and ADM solution at o.=p=0.95

Table (1) Absolute error of the capacitor

current i (t)

Table (2) Absolute error of the capacitor

voltage v _ (t)

Example (2): Circuit under critical damped response
In this example, we will use the following data [19]:
R=41Q, L=10H,C =1500u F, i,(0)=0, and v_(0) =0, i (t) =10 u,(t),

The following figures represent the capacitor current and the capacitor
voltage at different values of aand B

critical damped current

t Error of LTM | Error of ADM tOOOOl Egg;gj Ll-lt-)hg Eg;’;ﬂ Aig'g/'
. . x107 . x10™° : ' x ' a

09801 00006104378 |3 362206107 09801 | 000041708 | 1.97342x10°
20301 | 0.0000100606 | 3.94220x10° 20301 | 0.000823928 | 2.76396x10"
0L T T3a7Tx10° T 47 100e10" 40601 | 0.000100952 | 8.07493x10°
S0301 | L21956x16° | 1.25648x1G" 60201 | 0.0000776872 | 1.27829x10°
5050 5. 357ex10T T 1.53726x10° 0.8050 | 0.0000385886 | 8.86489x10°"
1.0010 | 1.40035x107 | 4.00347x10° 1.0010 | 6.69449x10~ | 5.94488x10°
17040 Lo6007x107 T 203993107 1.2040_| 0.0000122533 | 0.0000150533
TRy T TR T T 14000 | 1.81089x107 | 0.000414719

— — beta=_35
----- beta= 90 ||

* beta= 95
beta=1 H

alpha=0.95

_2 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.9 1

Figures (6) the capacitor current i (t) by LTM
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critical damped
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350 T
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Figures (7) the capacitor voltage v, () by LTM
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Figure (8) the capacitor current i. ) by ADM
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Tables (3) and (4) show a comparison between the absolute error of LTM
solution and ADM solution at o.=p=0.95

Table (3) Absolute error of the capacitor
current i _(t)

Table (4) Absolute error of the capacitor
voltage v _ (t)

t Error of LTM | Error of ADM t Error of LTM Error of ADM
.06 | 0.0000421898 | 0.0000703898 .06 | 0.000973406 0.00166401
.09 | 0.0000380383 | 0.0000422383 .09 | 0.000344232 0.000410432
.15 | 0.0000198239 | 0.0000265239 .15 | 0.00100491 0.00131311
20 | 6.18606x10° | 6.18606x10° .20 | 0.00175884 0.00173184
30 | 8.70271x10° | 8.60271x10° .30 | 0.00216433 0.00215543
40 | 0.0000116232 | 0.0000116232 .40 | 0.00182901 0.00183661
50 |9.91911x10° | 9.91911x10° 50 | 0.00134553 0.00135523
60 | 4.78444x10° | 4.88444x10° .60 | 0.000636307 0.000623407
70 | 2.16341x10° | 8.76341x10° .70 | 0.000281337 0.000185037
.80 | 8.17929x10" | 0.00602672 .80 | 0.000115598 0.075318

Example (3): Circuit under over damped response
In this example, we will use the following data [19]:
i,(0) =0,and, v,(0)=0,R=30Q, L=10H, C =1500 puF, i (t) =10u,(t)

The following figures represent the capacitor current and the capacitor
voltage at different values of aand g

over damped current
T T T

— - — -beta=28

------- beta=9

beta=1

————— beta=.85

* beta=95

alpha=_95

_2 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.9 1

time {sec)

Figures (10) the capacitor current i () by LTM
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over damped volt

250 T
******* beta= 8
—— — beta=_385
————— beta=.9
200 - - beta=_95 H
beta=1
alpha=_95
150 { -
100 -
50 ]
UU U_IE U_I4 U_IG U_IS ‘II 112 1.4 1.6 1_T8 2
t
Figures (11) the capacitor voltage v_(t) by LTM
Wor —  alphasbea=2%
== alphabain=03
i T alpha=bata=]
slpha=tea=04
Figure (12) the capacitor current i, (t) by ADM
St T T T T T T T
=0 — slpha=pata=l
- zlpha=hera=28
200 . slpha=beta=23
zlpha=beta=121
150 4
100
so b
L]

o0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure (13) the capacitor voltage v, ) by ADM
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Tables (5) and (6) show a comparison between the absolute error of LTM
solution and ADM solution at o.=p=0.95

Table (5) Absolute error of the capacitor
current i (t)

Table (6) Absolute error of the capacitor
voltage v _ (t)

t Error of LTM Error of ADM t Error of LTM Error of ADM
07 0.0000327271 0.0000467271 .06 | 0.00029488 0.00102188
10 0.0000228615 0.0000227615 .10 | 0.0000649332 3.32094x10®
20 1.37471x10° 1.47471x10° .20 | 0.000578582 0.000564482
30 4.5572x10° 4.4572x10° .30 | 0.000672405 0.000449705
40 5.44987x10° 5.44987x10° 40 | 0.000636441 0.000639041
50 5.16179x10° 4.86179x10° .50 | 0.000559089 0.000443789
60 2.91413x10° 6.51413x10° 60 | 0.00110404 0.00118824
70 1.53798x10° 0.000050138 .70 | 0.000728657 0.00227466
.80 1.61595%10° 0.000695562 .80 | 0.000463695 0.0248972
.90 4.97104x10° 0.00871283 .90 | 0.000133816 0.218505
Conclusion

The fractional calculus is a powerful tool which generalizes the parallel
RLC circuit. The fractional modeling introduces new parameters which
provide more accurate representations of real capacitor and real inductor.
The methods of ADM and LTM are suitable for solving the fractional
order parallel RLC circuit.
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