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Abstract. Irregular-spotty-byte error control codes over the finite
field Fq devised by the author [2] are matrix codes which generalizes
the usual spotty-byte-codes [5]. Here a word is divided into irregular
bytes of different lengths and distance between distinct words is
measured in terms of newly defined i-spotty-byte metric function
[2,3]. In this paper, we present the code construction methods of
the i-spotty-byte error correcting codes in terms of their parity check
matrix.
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1. Introduction

Spotty-byte error control codes devised by Suzuki et.al.[5,6,7] are ma-
trix codes suitable for semi-conductor memories in which a word is divided
into regular bytes of equal length “b”. However, a more general and prac-
tical situation is when bytes are not regular i.e. when a word is divided
into irregular bytes of different lengths. In a different setting, Feng et al
[1] called such irregular bytes as “blocks” and studied error control codes
endowed with the π-metric. In [2], the author introduced the notion of
irregular-spotty-byte (or i-spotty-byte) error control codes generalizing the
concept of both spotty-byte error control codes [5] and π-codes [1]. In [3],
the author studied various weight enumerator polynomials of i-spotty-byte
code viz. exact weight enumerator, complete weight enumerator, i-byte
weight enumerator, i-spotty-byte weight enumerator and obtained the du-
ality relations for them. In this paper, we present the code design methods
of i-spotty-byte error correcting codes in terms of their parity check matrix.
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We begin with the basic definitions and notations for i-spotty-byte error
control codes [2].

2. Definitions and Notations

Let q be a prime or power of prime number. Let Fq be the finite field
with q elements. A partition, P , of a positive integer N is defined as

P : N = n1 + n2 + · · ·+ ns, 1 ≤ n1 ≤ n2 · · · ≤ ns s ≥ 1.

and is denoted as

P = [n1][n2] · · · [ns] = [m1]
l1 [m2]

l2 · · · [mr]
lr ,

if

n1 = n2 = · · · = nl1 = m1,

nl1+1 = nl1+2 = · · · = nl1+l2 = m2,
...
...
...

nl1+l2+···+lr−1+1 = nl1+l2+···+lr−1+2 = · · · = nl1+l2+···+lr = mr.

Then we can write the field FN
q as

FN
q = Fn1

q ⊕ Fn2
q ⊕ · · · ⊕ Fns

q .

Each vector v ∈ FN
q can be uniquely written as v = (v1, v2, · · · , vs) where

vi ∈ Vi = Fni
q for all 1 ≤ i ≤ s and is called the ith irregular-byte or

simply ith i-byte of v. We call the partition P as primary partition or
irregular-byte partition. Further, let 1 ≤ T ≤ N be a positive integer and
let P ′ : T = [t1][t2] · · · [ts] be a partition of T where 1 ≤ ti ≤ ni for all
1 ≤ i ≤ s. Then P ′ is called as “secondary partition” or “error partition”.
Note that the secondary partition depends upon primary partition. The
number N is called the primary number and T is called the secondary
number.

Definition 2.1 [2]. Let N and T be the positive integers with 1 ≤ T ≤ N .
Let P and P ′ be the primary and secondary partitions corresponding to N
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and T respectively given by

P : N = [n1][n2] · · · [ns],

and

P ′ : T = [t1][t2] · · · [ts],

where 1 ≤ ti ≤ ni for all 1 ≤ i ≤ s.

Let u be a vector in FN
q = ⊕i=1F

ni
q given by u = (u1, u2, · · · , us) where

ui ∈ Fni
q for all i is the ith i-byte of u of size ni. We define the irregular-

spotty weight (or simply i-spotty weight) w
(P,P ′)
β (u) of u corresponding to

the primary-partition P and secondary-partition P ′ as

w
(P,P ′)
β (u) =

s∑

i=1

⌈
wH(ui)

ti

⌉
,

where wH(ui) is the Hamming weight of the ith i-byte ui of size ni and dxe
denotes the smallest integer greater than or equal to x.

Definition 2.2 [2]. The irregular-spotty distance (or simply i-spotty dis-
tance) between two vectors u = (u1, u2, · · · , us) and v = (v1, v2, · · ·vs) in
FN

q = ⊕s
i=1F

ni
q is given by

d
(P,P ′)
β (u, v) = w

(P,P ′)
β (u − v)

=
s∑

i=1

⌈
dH(ui, vi)

ti

⌉
,

where dH(ui, vi) is the Hamming distance between the ith i-bytes ui and
vi of u and v respectively. Then i-spotty distance is a metric function on
FN

q = ⊕s
i=1F

ni
q .

Note. We also call i-spotty weight and i-spotty distance as “ti/ni-weight”
and “ti/ni-distance” respectively. Moreover, we simply denote the i-spotty

weight w
(P,P ′)
β and i-spotty distance d

(P,P ′)
β by wβ and dβ respectively when

the primary partition P and secondary partition P ′ are clear from the
context.
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Observations.

(i) Let t, s and b be positive integers with 1 ≤ t ≤ b. Taking N =
bs, T = ts, ni = b and ti = t for all i, then i-spotty distance (weight)
reduces to the spotty-distance (weight) introduced by Suzuki et al.
[5].

(ii) If ti = 1 for all 1 ≤ i ≤ s, then wβ(x) where x = (x1, x2, · · · , xs) ∈
FN

q = ⊕s
i=1F

ni
q is expressed as

wβ(x) =
s∑

i=1

⌈
wH(xi)

1

⌉

=
s∑

i=1

wH(xi)

= Hamming weight of x.

(iii) If ti = ni for all 1 ≤ i ≤ s i.e. when secondary partition P ′ is equal
to the primary partition P , then wβ(x) for x = (x1, · · · , xs) ∈ FN

q =
⊕s

i=1F
ni
q is expressed as

wβ(x) =
s∑

i=1

⌈
wH(xi)

ni

⌉
.

Here

⌈
wH(xi)

ni

⌉
=

{
0 if wH(xi) = 0,
1 if wH(xi) 6= 0.

Thus

wβ(x) = # {i |i ≤ i ≤ s, xi 6= 0}
= π-weight of x [1].

(iv) Let x = (x1, x2, · · · , xs) ∈ FN
q = ⊕s

i=1F
ni
q . If wβ(x) =

s∑

i=1

⌈
wH(xi)

ti

⌉
=

µ then we say that i-spotty weight or i-spotty measure of x is µ.
Equivalently, we also say that ti/ni-measure of x is µ.
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(v) Let bi =
⌈
ni

ti

⌉
for all 1 ≤ i ≤ s. Then bi is the maximum number

of ti/ni-errors (or i-spotty errors) that can occur in the ith i-byte of

size ni. Let b̂ =
s∑

i=1

bi. Then b̂ is the maximum number of ti/ni-errors

(or i-spotty errors) that can occur in a word x = (x1, x2, · · ·xs) ∈
⊕s

i=1F
ni
q = FN

q .

(vi) Let θZ(x) be the total number of (erroneous) i-bytes in a word
x ∈ ⊕s

i=1F
ni
q = FN

q having Z number of ti/ni-errors where Z =

0, 1, 2, · · · , b; b =
s

max
i=1

{bi} and b′is are as given in (v).

Let

σ = θ1(x) + θ2(x) · · ·+ θb(x)

= total number of erroneous

i-bytes in x.

Then the total number of i-bytes in the word x is expressed as

s = σ + θ0(x)

= θ0(x) + θ1(x) + · · · + θb(x).

Using these functions θZ
′s, the i-spotty weight (or i-spotty measure)

of x ∈ ⊕s
i=1F

ni
q = FN

q is expressed as

wβ(x) = θ1(x) + 2θ2(x) + · · ·+ bθb(x),

where

b =
s

max
i=1

{bi} =
s

max
i=1

{⌈
ni

ti

⌉}
.

Definition 2.3 [2]. Let T and N be positive integers with 1 ≤ T ≤ N .
Let V ⊆ FN

q = ⊕s
i=1F

ni
q be an Fq-subspace of FN

q = ⊕s
i=1F

ni
q equipped

with the i-spotty metric dβ corresponding to the primary partition P
of N and secondary partition P ′ of T . Then V is called an irregular-
spotty-byte (or simply i-spotty-byte) error control code and is denoted by
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[N, k, dβ; P, P ′] where P : N = [n1][n2] · · · [ns] is the irregular-byte parti-
tion, P ′ : T = [t1][t2] · · · [ts], 1 ≤ ti ≤ ni is the error partition, k = dimFqV
and dβ = minimum i-spotty distance of V = min

x,y∈V
x6=y

dβ(x, y).

3. Code design of i-spotty-byte error correcting codes

In this section, we first give the code construction method of i-spotty-
byte codes correcting all i-spotty-byte errors of measure 1 and then gener-
alize the method for the construction of codes correcting all i-spotty-byte
errors of measure µ or less (µ ≥ 1).

We begin with few definitions:

Definition 3.1 [5]. Given a monic primitive polynomial g(x) of degree r
over Fq, the r × r companion matrix M corresponding to g(x) is defined
as follows:

g(x) = g0 + g1x + g2x
2 + · · · · · · + gr−2x

r−2 + gr−1x
r−1 + xr,

M =




0 0 · · · 0 0 −g0

1 0 · · · 0 0 −g1

0 1 · · · 0 0 −g2
...

...
...

...
...

...
0 0 · · · 1 0 −gr−2

0 0 · · · 0 1 −gr−1




r×r

Observations.

(i) Let α be a primitive element of Fr
q and a root of g(x). Its companion

matrix M has its columns




...

...
αi

...

...




for i = 1 to r where




...

...
αi

...

...




is the

coefficient vector of xi(mod g(x)).

The companion matrix of αj is M j and its column vectors are ex-
pressed as follows:
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M j =




...
... · · · ...

...
... · · · ...

αj αj+1 · · · αj+r−1

...
... · · · ...

...
... · · · ...




r×r

.

Let e be the exponent of g(x), that is, y = e is the least positive solution of
xy ≡ (mod g(x)). The companion matrix M has the following properties
[5]:

(a) M is non singular.

(b) M0 = M e = Ir.

(c) M i = M j if and only if i ≡ j(mod e).

Definition 3.2. Let 1 ≤ n1 ≤ n2 · · · ≤ ns and 1 ≤ t1 ≤ t2 · · · t2 be positive
integer with 1 ≤ ti ≤ ni for all 1 ≤ i ≤ s, s ≥ 1. Let l and r be positive
integers such that

l ≥ 2(
s

max
i=1

{ti}) and r ≥ s
max
i=i

{ti}.

Further, for i = to s, let

(i) H ′
i = [h′

i,1, h
′
i,2, · · · , h′

i,ni
], h′

i,k ∈ Fq
l for all 1 ≤ k ≤ ni, be l × ni

matrices over Fq satisfying the following two properties:

(a) Every set of 2ti (or fewer) columns of H ′
i are linearly independent

over Fq; and

(b) Every set of (ti+tj) (or fewer) columns with ti (or fewer) columns
taken from H ′

i and tj (or fewer) columns taken from H ′
j (i 6= j)

are linearly independent over Fq.

(ii) H ′′
i = [h′′

i,1, h
′′
i,2, · · · , h′′

i,ni
] , h′′

i,k ∈ Fq
r for all 1 ≤ k ≤ ni, be r × ni

matrices over Fq such that every set of ti (or fewer) columns of H ′′
i

are linearly independent over Fq.
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Theorem 3.3. Using the notations as given in Definition 3.2, let M be
an r × r companion matrix over Fq. Let m = qr − 1. The null space
of H = [H1, H2, · · · , Hs] where each Hi (1 ≤ i ≤ s) is a (l + r) × mni

submatrix given by

Hi =

(
H ′

i H ′
i · · · H ′

i

M0H ′′
i M1H ′′

i · · · M (m−1)H ′′
i

)

(l+r)×mni

.

is a single ti/ni-error correcting code (Sti/ni
EC) with check bit length R =

l + r and code length N = mn = (qr − 1)n where n = n1 + n2 + · · ·ns. The
parameters of the resulting i-spotty-byte code will be

[(qr − 1)n, (qr − 1)n − (l + r), 3 ; P, P ′],

where

P : N = (qr − 1)n = [n1]
m[n2]

m · · · [ns]
m

= [n1]
(qr−1)[n2]

(qr−1) · · · [ns]
(qr−1),

and

P ′ : T = (qr − 1)t = [t1]
m[t2]

m · · · [ts]m

= [t1]
(qr−1)[t2]

(qr−1) · · · [ts](q
r−1),

and

t = t1 + t2 + · · · + ts.

Proof. For each i = 1 to s, let

Eti/ni
= {e = (e0

1, e
1
1, · · · , em−1

1 , · · · · · · , e0
s, e

1
s, · · · , em−1

s | eu
p ∈ Fnp

q

for all 0 ≤ u ≤ m − 1, 1 ≤ p ≤ s and 1 ≤ wH(eu
p) ≤ ti

for p = i and for exactly one value of u and wH(eu
p) = 0

otherwise}
= set of all single ti/ni − errors occuring in the ith i-byte.

Let E = ∪s
1=1Eti/ni

=collection of all single ti/ni-errors.
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Given H = [H1, H2, · · · , Hs] where each Hi(1 ≤ i ≤ s) contains m i-bytes
each of size ni. We call Hi as the ith sector of H of size mni. The jth i-byte
(0 ≤ j ≤ m − 1) in the ith sector Hi is given by

(
H ′

i

M jH ′′
i

)
.

To prove the theorem, it suffices to show that

(i) eHT 6= 0 for all e ∈ E, and

(ii) eHT 6= e′HT for all e, e′ ∈ E, e 6= e′.

Proof of (i). Let e ∈ E. Then e ∈ Eti/ni
for some i. This means that e

is of the form
e = (0, · · · , 0, ej

i , 0, · · ·0),

where ej
i ∈ Fni

q , 0 ≤ j ≤ m − 1 and 1 ≤ wH(ej
i ) ≤ ti.

Let if possible eHT = 0. Then we have,

ej
i

(
H ′

i

M jH ′′
i

)T

= 0.

⇒ ej
iH

′T
i = 0.

The above equation gives ej
i = (0, 0, · · · , 0) as every set of 2ti (or fewer)

columns of H ′
i are linearly independent over Fq. A contradiction, Hence

eHT 6= 0 for all e ∈ E.

Proof of (ii).Let e, e′ ∈ E with e 6= e′. Then e ∈ Eti/ni
and e′ ∈ Etk/nk

for some i and k. Let

e = (0, · · · , 0, ej
i , 0, · · ·0),

where ej
i ∈ Fni

q , 0 ≤ j ≤ m − 1 and 1 ≤ wH(ej
i ) ≤ ti, and

e′ = (0, · · · , 0, f p
k , 0 · · ·0)

where f p
k ∈ Fnk

q , 0 ≤ p ≤ m − 1 and 1 ≤ wH(f p
k ) ≤ tk.

Let if possible eHT = e′HT . There are two cases to consider depending on
i and k:
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Case 1. When i = k.

In this case e and e′ are of the form

e = (0, · · · , 0, ej
i , 0, · · ·0),

and

e′ = (0, · · · , 0, f p
i , 0 · · ·0),

where ej
i , f

p
i ∈ Fni

q , 0 ≤ j, p ≤ m − 1 and 1 ≤ wH(ej
i ), wH(f p

i ) ≤ ti.

In this case, there are two subcases to consider:

Subcase 1. When j = p.

In this subcase, e and e′ are of the form

e = (0, · · · , 0, ej
i , 0, · · ·0),

and

e′ = (0, · · · , 0, f j
i , 0 · · ·0).

Also, eHT = e′HT gives

ej
i

(
H ′

i

M jH ′′
i

)T

= f j
i

(
H ′

i

M jH ′′
i

)T

.

which implies

(ej
i − f j

i )H ′T
i = 0.

The above equation gives (ej
i − f j

i ) = 0 because every set of 2ti (or fewer)
columns of H ′

i are linearly independently over Fq and 1 ≤ wH(ej
i ), wH(f j

i ) ≤
ti. Thus, we have ej

i = f j
i which means e = e′. A contradiction.

Subcase 2. When j 6= p.

Then eHT = e′HT gives

ej
i

(
H ′

i

M jH ′′
i

)T

= f p
i

(
H ′

i

MpH ′′
i

)T

⇒ (ej
i − f p

i )H ′T
i = 0

⇒ (ej
i − f p

i ) = 0,
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as every set of 2ti or fewer columns of H ′
i are linearly independent over Fq.

This gives ej
i = f p

i and hence e = e′. A contradiction.

Case 2. When i 6= k.

In this case, again we have two subcases to consider:

Subcase 1. When j = p.

In this subcase eHT = e′HT gives

ej
i

(
H ′

i

M jH ′′
i

)T

= f j
k

(
H ′

k

M jH ′′
k

)T

⇒ ej
iH

′T
i − f j

kH ′T
k = 0.

The above equation gives ej
i = (0, · · ·0)1×ni

and f j
k = (0, · · · , 0)1×nk

as
by assumption every set of (ti + tk) (or fewer) columns with ti (or fewer)
columns taken from H ′

i and tk (or fewer) columns taken from H ′
k are linearly

independent over Fq. Thus we have

e = e′ = (0, · · · , 0). A contradiction.

Subcase 2. When j 6= p.

In this subcase again eHT = e′HT gives

ej
i

(
H ′

i

M jH ′′
i

)T

= f p
k

(
H ′

k

MpH ′′
k

)T

.

This implies that
ej

iH
′T
i − f p

k H ′T
k = 0,

where

1 ≤ wH(ej
i ) ≤ ti,

1 ≤ wH(f p
k )] ≤ tk,

which again gives

ej
i = (0, · · · , 0)1×ni

and f p
k = (0, · · · , 0)1×nk

by the same argument as given in Subcase 1. A contradiction again.
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Combining the two cases, we get

eHT 6= e′HT for all e, e′ ∈ E, e 6= e′.

Hence the theorem. 2

Remark 3.4. We may also construct the shortened version of the i-spotty
code constructed in Theorem 3.3 by taking P : N ′ = [n1]

m1 [n2]
m2 · · · [ns]

ms

and P ′ : T ′ = [t1]
m1 [t2]

m2 · · · [ts]ms where mi ≤ m = qr − 1 for all 1 ≤ i ≤ s
and keeping only the first mi i-bytes in the ith sector Hi of the parity check
matrix H. For example, if m1 = 1, m2 = 2, · · · , ms = s where s ≤ qr − 1,
then we can take the parity check matrix of the single i-spotty-byte error
correcting code as

H =


 H ′

1

... H ′
2 H ′

2

... · · · ... H ′
s · · · H ′

s

M0H ′
1

... M0H ′′
2 M ′H ′′

2

... · · · ... M0H ′′
s · · · M s−1H ′′

s




We can generalize the result of Theorem 3.3 for the design of i-spotty-byte
code correcting all ti/ni-errors of measure µ or less (µ ≥ 1). For this, we
begin with the following definitions:

Definition 3.5. Let µ, 1 ≤ n1 ≤ n2 ≤ · · · ≤ ns and 1 ≤ t1 ≤ t2 ≤ · · · ≤ ts
be positive integers with 1 ≤ ti ≤ ni for all 1 ≤ i ≤ s. Let l and r be the
positive integers such that

l ≥ s
max
i=1

{2µti} and r ≥ s
max
i=1

{µti}.

Further, for i = 1 to s, let

(i) H ′
i = [h′

i,1, h
′
i,2 · · ·h′

i,ni
], h′

i,k ∈ Fl
q for all 1 ≤ k ≤ ni, be l×ni matrices

over Fq satisfying the following two properties:

(a) Every set of 2µti (or fewer) columns of H ′
i are linearly indepen-

dent over Fq.

(b) If j1, j2, · · · , js are nonnegative integers such that 0 ≤ ji ≤ ni

for all i = 1 to s satisfying

⌈
j1

t1

⌉
+
⌈
j2

t2

⌉
+ · · · · · · +

⌈
js

ts

⌉
≤ 2µ,
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then every set of (j1 + j2 + · · · + js) (or fewer) columns with ji

columns taken from H ′
i(i = 1 to s) are linearly independent over

Fq. Here the symbol dxe denotes the smallest integer greater
than or equal to x.

(ii) H ′′
i = [h′′

i,1, h
′′
i,2 · · ·h′′

i,ni
], h′′

i,j ∈ Fr
q for all 1 ≤ j ≤ ni, be r×ni matrices

over Fq such that every set of µti (or fewer) columns of H ′′
i are linearly

independent over Fq.

Theorem 3.6. Using the notations as given in Definitions 3.5, let M be
an r × r companion matrix over Fq. Let m = qr − 1. The null space of
H = [H1, H2, · · · , Hs], where each Hi(1 ≤ i ≤ s) is a (l + (2µ− 1)r)×mni

submatrix given by

Hi =




H ′
i H ′

i H ′
i · · · H ′

i

M0H ′′
i M1H ′′

i M2H ′′
i

... M (m−1)H ′′
i

M0H ′′
i M2H ′′

i M4H ′′
i

... M2(m−1)H ′′
i

...
...

...
...

...
M0H ′′

i M (2µ−1)H ′′
i M2(2µ−1)H ′′

i · · · M (2µ−1)(m−1)H ′′
i




(l+(2µ−1)r)×mni

is an i-spotty-byte error control code V correcting all ti/ni-errors of mea-
sure µ (or less) and having check but length R = l + (2µ − 1)r and code
length N = mn = (qr − 1)n where n = n1 + n2 + · · ·ns. The parameters of
the resulting code will be

[mn, mn − (l + (2µ − 1)r), (2µ + 1); P, P ′],

where P : N = mn = [n1]
m[n2]

m · · · [ns]
m and P ′ : T = mt = [t1]

m[t2]
m · · ·

· · · [ts]m, t = t1 + t2 + · · ·+ ts.

Proof. It suffices to prove that the code V which is the null space of H
detects all i-spotty-byte errors of measure 2µ or less meaning thereby that
the minimum i-spotty distance of the code is atleast 2µ + 1.

Let e ∈ FN
q = Fm(n1+···+ns)

q with wβ(e) ≤ 2µ.

Then e is of the form

e = (e1 · · · es) = (e0
1, e

1
1, · · · , em−1

1 , · · · , e0
s, e

1
s, · · · em−1

s ),
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where ej is the jth sector of e and eu
p ∈ Fnp

q for all 0 ≤ u ≤ m−1, 1 ≤ p ≤ s,
and

s∑

p=1

m−1∑

u=0

⌈wH(eu
p)

tp

⌉
≤ 2µ.

We claim that eHT 6= 0.

Let σ be the total number of erroneous sectors in e. There are two
cases to consider:

Case 1. When σ = 1.

Let jth sector in e is in error having erroneous i-bytes say eu1
j , eu2

j , · · · , euj∗
j

with
uj∗∑

k=1

⌈wH(euk
j )

tj

⌉
≤ 2µ.

Then the Hamming weight of the jth sector ej = (e0
j , e

1
j , · · · em−1

j ) in e is les
than or equal to 2µtj. Since H ′

j is an l × nj q-ary matrix whose every set
of 2µtj (or fewer) columns are linearly independent over Fq. Therefore, we
must have eHT 6= 0.

Case 2. When σ ≥ 2.

Let if possible eHT = 0. Let us assume that ej, ek, · · · , ey be the erro-
neous sectors in e such that eu1

j , eu2
j , · · · , euj∗

j be the erroneous i-bytes in

ej; ev1
k , ev2

k , · · · , evk∗
k be the erroneous i-bytes in ek; · · · · · · eθ1

y , eθ2
y , · · · , eθy∗

y be
the erroneous i-bytes in ey; where

∑

π=j,k,···,y

∑

λ=u1···uj∗ ,v1···vk∗ ···θ1,···,θy∗

⌈
wH(eλ

π

tπ
)
⌉
≤ 2µ,

and

0 ≤ u1, u2, · · · , uj∗, v1, · · · , vk∗, · · · , θ1, · · · , θy∗ ≤ m − 1.

Then eHT = 0 gives the following relation:

eu1
j

[
H ′T

j (Mu1H ′′
j )T (M2u1H ′′

j )T · · · (M (2µ−1)u1H ′′
j )T

]

+eu2
j

[
H ′T

j (Mu2H ′′
j )T (M2u2H ′′

j )T · · · (M (2µ−1)u2H ′′
j )T

]

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
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+e
uj∗
j

[
H ′T

j (Mu
j∗H

′′
j )T (M (2µ−1)u1H ′′

j )T · · · (M (2µ−1)uj H ′′
j )T

]

+ev1
k

[
H ′T

k (Mv1H ′′
k )T (M2v1H ′′

k )T · · · (M (2µ−1)v1H ′′
k )T

]

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+evk∗

k

[
H ′T

k (Mvk∗H ′′
j )T (M (2vk∗H ′′

k )T · · · (M (2µ−1)vk∗ H ′′
j )T

]
(1)

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+eθ1

y

[
H ′T

y (M θ1H ′′
y )T (M2θ1H ′′

y )T · · · (M (2µ−1)θ1H ′′
y )T

]

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+e

θy∗
y

[
H ′T

y (M θy∗H ′′
y )T (M (2θy∗H ′′

y )T · · · (M (2µ−1)θy∗H ′′
y )T

]

= [Ol Or Or · · · · · ·Or],

where Ol and Or are the 1× l and 1× r null matrices over Fq respectively.

The relation

( uj∗∑

ρ=u1

eρ
j

)
H ′T

j +
( v∗

k∑

w=v1

ew
k

)
H ′T

k + · · ·+
( θy∗∑

f=θ1

ef
y

)
H ′T

y = Ol

leads to

uj∗∑

ρ=u1

eρ
j = Onj

,
vk∗∑

w=v1

ew
k = Onk

, · · · , · · ·
θy∗∑

f=θ1

ef
y = Ony ,

because of property (i) (b) of Matrix H ′
i given in Definition 3.5.

Multiplying the equation

uj∗∑

ρ=u1

eρ
j = Onj

by (H ′′
j )T ,

vk∗∑

w=v1

ew
k = Onk

by (H ′′
k )T , · · ·

· · ·
θy∗∑

f=θ1

ef
y = Ony by (H ′′

y )T from right gives

( uj∗∑

ρ=u1

eρ
j

)
H ′′T

j = Or,

( vk∗∑

w=v1

ew
k

)
H ′′T

k = Or,

...
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...

...
( θy∗∑

f=θ1

ef
y

)
H ′′T

y = Or.

The following equation from (1) is obtained:

[
(eu1

j H ′′T
j )(Mu1)T · · · · · · (eu1

j H ′′T
j )(M (2µ−1)u1)T

]

+
[
(eu2

j H ′′T
j )(Mu2)T · · · · · · (eu2

j H ′′T
j )(M (2µ−1)u2)T

]

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+
[
(e

uj∗
j H ′′T

j )(Muj∗ )T · · · · · · (euj∗
j H ′′T

j )(M (2µ−1)uj∗ )T
]

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+
[
(eθ1

y H ′′T
y )(M θ1)T · · · · · · (eθ1

y H ′′T
y (M (2µ−1)θ1)T

]

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+
[
(e

θy∗
y H ′′T

y )(M θy∗ )T · · · · · · (eθy∗
y H ′′T

y )(M (2µ−1)θy∗ )T
]

= [Or Or · · ·Or].

Let eu1
j H ′′T

j , eu2
j H ′′T

j · · · euj∗
j H ′′T

j be denoted by ru1 , ru2 · · · ruj∗ resp; ev1
k H ′′T

k ,

ev2
k H ′′T

k · · · evk∗
k H ′′T

k be denoted by rv1 , rv2, · · · , rvk∗ resp; · · · · · · eθ1
y H ′′T

y , eθ2
y H ′′T

y ,

· · · , eθy∗
y H ′′T

y be denoted by rθ1 , rθ2, · · · , rθy∗ resp. Then (2) can be rewritten
as

ru1 + · · · + ruj∗ + rv1 + · · · + rvk∗ + · · · · · · + rθ1 + · · ·+ rθy∗ = Or

ru1(M
u1)T + · · ·+ ruj∗ (M

uj∗ )T + · · · · · ·+ rθ1(M
θ1)T + · · · · · ·

+rθy∗(M
θy∗ )T = Or

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)

ru1(M
(2µ−1)u1)T + · · · + ruj∗ (M

(2µ−1)uj∗ )T + · · · · · · + rθ1(M
(2µ−1)θ1)T

+ · · ·+ rθy∗ (M
(2µ−1)θy∗ )T = Or.
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Writing the above equation in the matrix form gives

(ru1, · · · , ruj∗ , · · · , rθ1 , · · · , rθy∗) ×

×




1 (Mu1)T · · · (M (2µ−1)u1)T

...
...

...
...

1 (Muj∗ )T · · · (M (2µ−1)(uj∗ )T

...
...

...
...

1 (Mθ1)T · · · (M (2µ−1)θ1)T

...
...

...
...

1 (Mθy∗ )T · · · (M (2µ−1)θy∗ )T




= (Or Or · · ·Or),

or

(ru1 , · · · , ruj∗ , · · · , rθ1, · · · , rθy∗) ×

×




1 · · · 1 · · · 1 · · · 1
Mu1 · · · Muj∗ · · · M θ1 · · · Mθy∗

...
...

...
...

...
...

...
M (2µ−1)u1 · · · M (2µ−1)uj∗ · · · M (2µ−1)θ1 · · · M (2µ−1)θy∗




T

= (Or Or · · ·Or).

Since the total numbers of erroneous i-bytes in all the erroneous sectors is
j∗ + k∗ + · · · y∗ = p + 1 (say) which is less than or equal to 2µ. therfore,
writing the above matrix equation for the top p+1(≤ 2µ) relations, we get

(ru1, · · · , ruj∗ , · · · , rθ1 , · · · , rθy∗) ×

×




1 · · · 1 · · · 1 · · · 1
Mu1 · · · Muj∗ · · · M θ1 · · · Mθy∗

...
...

...
...

...
...

...
Mpu1 · · · Mpuj∗ · · · Mpθ1 · · · Mpθy∗




T

= (Or Or · · ·Or).
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The coefficient matrix in the above equation being Vandermonde’s matrix
is nonsingular. Therefore, relations (3) have a solution given by ru1 = · · · =
ruj∗ = · · · · · · = rθ1 = · · · = rθy∗ = Or.

This implies that

eu1
j H ′′T

j = eu2
j H ′′T

j = e
uj∗
j H ′′T

j = · · · eθ1
y H ′′T

y = · · · = e
θy∗
y H ′′T

y = Or

which further gives

eu1
j = e

uj∗
j = Onj

; · · · ; eθ1
y = · · · = e

θy∗
y = Ony ,

as every µti columns of H ′′
i are linearly independent over Fq for all 1 ≤ i ≤

s. A contradiction. Hence eHT 6= 0. 2

Note. It is to be noted that there can exist atmost one erroneous i-byte
in e having more than µ i-spotty errors. The fact is justified because if
there are two or more i-bytes with more than µ i-spotty errors, then the
total number of i-spotty errors in the error vector e will exceed 2µ which
is a contradiction. In fact, if the i-spotty weight of an erroneous i-byte in
e is more than µ, then any other erroneous i-byte will have i-spotty weight
less than µ. That is why we need the condition that every set of µti(or
fewer) columns of H ′′

i are linearly independent over Fq in contrast to the
condition of linear independence of 2µti columns as required in the case of
matrices H ′

i(1 ≤ i ≤ s).

In the following example, we construct a single ti/ni-error correcting code.

Example 3.7. Let q = 2, s = 3 and n1 = n2 = n3 = t1 = t2 = t3 = 2.

Let l = r = 4. Then l and r satisfy

l ≥ 3
max
i=1

{2ti} and r ≥ 3
max
i=1

{ti}.

Here m = qr − 1 = 24 − 1 = 15. The code to be constructed as described
in Theorem 3.3 will be a [15 × 6, (15 × 6) − 8, 3; P, P ′] = [90, 82, 3; P, P ′]
i-spotty-byte code correcting all single ti/ni-errors where

P = P ′ : 90 = [2]15[2]15[2]15.

However, we construct a shortend code of length 24 as discussed in Remark
3.4 by taking m1 = m2 = m3 = 4 and

P = P ′ : 24 = [2]4[2]4[2]4.
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For this, let α be a root of x4 + x + 1 ∈ F2[x]. Let M be the companion
matrix of order 4 × 4 over F2 corresponding to α. Then

M0 =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




4×4

, M1 =




0 0 0 1
1 0 0 1
0 1 0 0
0 0 1 0




4×4

,

M2 =




0 0 1 0
0 0 1 1
1 0 0 1
0 1 0 0




4×4

, M3 =




0 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1




4×4

.

Let

H ′
1 =




0 1
0 0
1 0
0 1




4×2

H ′
2 =




1 0
0 1
0 0
0 0




4×2

H ′
3 =




0 1
0 1
0 1
1 1




4×2

,

and

H ′′
1 =




1 1
1 0
1 0
1 0




4×2

H ′′
2 =




1 1
0 1
0 1
0 0




4×2

H ′′
3 =




0 0
1 0
0 0
0 1




4×2

.

Then

H =


 H′

1 H′
1 H′

1 H′
1

.

.

. H′
2 H′

2 H′
2 H′

2

.

.

. H′
3 H′

3 H′
3 H′

3

M0H′′
1 M1H′′

1 M2H′′
1 M3H′′

1

.

.

. M0H′′
2 M1H′′

2 M2H′′
2 M3H′′

2

.

.

. M0H′′
3 M1H′′

3 M2H′′
3 M3H′′

3
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=




01 01 01 01
... 10 10 10 10

... 01 01 01 01

00 00 00 00
... 01 01 01 01

... 01 01 01 01

10 10 10 10
... 00 00 00 00

... 01 01 01 01

01 01 01 01
... 00 00 00 00

... 11 11 11 11
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
11 00 10 10

... 01 00 01 01
... 00 01 00 10

10 01 00 00
... 01 11 01 00

... 10 01 01 10

10 00 01 00
... 01 01 11 01

... 00 10 01 01

10 10 10 01
... 00 01 01 11

... 01 00 10 01




8×24

is the parity check matrix of an [N, N−R; P, P ′] single ti/ni-error correcting
code where N = 24 and R = 8. The fact that the code which is the null
space of H is a single ti/ni-error correcting code is justified by Table 3.1
which shows that syndrome of all single ti/ni-errors are all distinct.
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Table 3.1

Error Patterns Syndromes
of i-spotty-byte

measure 1

(10
...00

...00
...00

...00
...00

...00
...00

...00
...00

...00
...00) (0010

...1111)

(01
...00

...00
...00

...00
...00

...00
...00

...00
...00

...00
...00) (1001

...1000)

(11
...00

...00
...00

...00
...00

...00
...00

...00
...00

...00
...00) (1011

...0111)

(00
...10

...00
...00

...00
...00

...00
...00

...00
...00

...00
...00) (0010

...0001)

(00
...01

...00
...00

...00
...00

...00
...00

...00
...00

...00
...00) (1001

...0100)

(00
...11

...00
...00

...00
...00

...00
...00

...00
...00

...00
...00) (1011

...0101)

(00
...00

...10
...00

...00
...00

...00
...00

...00
...00

...00
...00) (0010

...1001)

(00
...00

...01
...00

...00
...00

...00
...00

...00
...00

...00
...00) (1001

...0010)

(00
...00

...11
...00

...00
...00

...00
...00

...00
...00

...00
...00) (1011

...1011)

(00
...00

...00
...10

...00
...00

...00
...00

...00
...00

...00
...00) (0010

...1000)

(00
...00

...00
...01

...00
...00

...00
...00

...00
...00

...00
...00) (1001

...0001)

(00
...00

...00
...11

...00
...00

...00
...00

...00
...00

...00
...00) (1011

...1001)

(00
...00

...00
...00

...10
...00

...00
...00

...00
...00

...00
...00) (1000

...1000)

(00
...00

...00
...00

...01
...00

...00
...00

...00
...00

...00
...00) (0100

...1110)

(00
...00

...00
...00

...11
...00

...00
...00

...00
...00

...00
...00) (1100

...0110)

(00
...00

...00
...00

...00
...10

...00
...00

...00
...00

...00
...00) (1000

...0100)

(00
...00

...00
...00

...00
...01

...00
...00

...00
...00

...00
...00) (0100

...0111)

(00
...00

...00
...00

...00
...11

...00
...00

...00
...00

...00
...00) (1100

...0011)

(00
...00

...00
...00

...00
...00

...10
...00

...00
...00

...00
...00) (1000

...0010)

(00
...00

...00
...00

...00
...00

...01
...00

...00
...00

...00
...00) (0100

...1111)

(00
...00

...00
...00

...00
...00

...11
...00

...00
...00

...00
...00) (1100

...1101)

(00
...00

...00
...00

...00
...00

...00
...10

...00
...00

...00
...00) (1000

...0001)

Table contd.
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Error Patterns Syndromes
of i-spotty-byte

measure 1

(00
...00

...00
...00

...00
...00

...00
...01

...00
...00

...00
...00) (0100

...1011)

(00
...00

...00
...00

...00
...00

...00
...11

...00
...00

...00
...00) (1100

...1010)

(00
...00

...00
...00

...00
...00

...00
...00

...10
...00

...00
...00) (1000

...0100)

(00
...00

...00
...00

...00
...00

...00
...00

...01
...00

...00
...00) (0100

...0001)

(00
...00

...00
...00

...00
...00

...00
...00

...11
...00

...00
...00) (1100

...0101)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...10

...00
...00) (0001

...0010)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...01

...00
...00) (1111

...1100)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...11

...00
...00) (1110

...1110)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...00

...10
...00) (0001

...0001)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...00

...01
...00) (1111

...0110)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...00

...11
...00) (1110

...0111)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...00

...00
...10) (0001

...1100)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...00

...00
...01) (1111

...0011)

(00
...00

...00
...00

...00
...00

...00
...00

...00
...00

...00
...11) (1110

...1111)

Note. Single i-spotty-byte errors considered in Example 3.1 can also be
corrected by using double error correcting BCH code of length 90. But for
a BCH code of length N = 90 ≤ 27 − 1, we require atmost 2 × 7 = 14
parity check digits while here i-spotty-byte code of the same length N = 90
requires only 8 check bits.

Conclusion. In this paper, we have discussed the code construction method
of i-spotty-byte error correcting codes in terms of their parity check matrix.
The method has also been illustrated with the help of an example.

Acknowledgment. The author would like to thank her spouse Dr. Ar-
ihant Jain for his constant support and encouragement for pursuing re-
search.
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