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Abstract

In this paper we present two examples to illustrate the application of the variational Monte Carlo method to
quantum-mechanical problems by using the MATLAB program. The first problem is the one-dimensional
harmonic oscillator and the second is the hydrogen atom. By a suitably chosen trial wave functions, the
obtained results are in good agreement with the corresponding exact values.

1. Introduction

The variational Monte Carlo (VMC) method [1-13] has been applied successfully in
nuclear, atomic, and molecular physics. It is one of the different techniques of the quantum
Monte Carlo methods. It uses the Monte Carlo techniques for computing the integrals rise
while applying the variational method in quantum mechanics. Also, the program MATLAB
has been used extensively in the recent years in the solutions of many numerical problems
in Mathematics, Physics, Chemistry, and Engineering researches. Thus, we are interested
in the present paper by using the MATLAB program [14] in the numerical computations
which result in applying the VMC method in solving problems in quantum mechanics. We
shall discuss first the variational method, and then we will discuss the Monte Carlo
techniques for integrals along with one sampling technique, namely; the Metropolis
algorithm. We shall next solve the 1-dimensional harmonic oscillator problem and the
hydrogen atom [15] by the variational method, and the VMC method.

2. The Variational Principle
We begin by a trial unknown wave function ¥ (7). By the completion of the eigenstates of
the Hamiltonian operator, we can express W (r) as follows:

YY) = Z an P (1)

n=1
where v, (r) are the eigenstates of the Hamiltonian in a certain domain R. Since W(r) is
normalized, then

Jo W dr = [L(Xn a5 ¥m) Qn @ Pr) dr = X X @ @ [ Y P dr =
Yim 2in Qi AnOmn = 1

Hence
Yl anlz =1 (2.2)

Now, we compute the energy of the state ¥ by Schrédinger’s expectation value formula

g ¥ HYdr

(H) = JrPrwdr

= [W*HW¥dr, ¥ isnormalized
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Since H is a linear operator, we get

H) = [[Cm anPm)HEn anhn) dr = [ (Em anbn) (Xn anHipy) dr
= fR(Zm ) X anEnp)dr = ¥ ¥ anmanEy war*nwndr

= Zza;nanEn Omn = Zlanlen
m n n

Since the ground state energy Eg is the least energy. i.e. E,s < E, foralln =123, ..,
then

(Hy = EgsYlay,|?
and from equation (2.1) we get

(H)y = Egq (22)
This is the variational principle, and it means that the energy of any arbitrary state ¥ is an
upper bound of the ground state energy. With this principle in mind, the steps of the
variational method are:
(i) Pick a nice trial wave function ¥ with parameters a, b, ... to be determined.
(if) Compute its energy (H)y. This will give a function of the parameters a, b, ...
(iii) Minimize (H)y with respect to the parameters, then you get

<H)lpmin = Egs
The following notes must be taken into consideration:
(a) The choice of the trial wave function ¥ is up to the researcher, and it requires expertise
and brilliance.
(b) The variational method is used to estimate the ground state energy of the system. This
must not be confused with the ground state itself. That is ¥ is not the ground state of the
system.

3. The Variational Monte Carlo Method
The VMC method [1-4] can be considered as the variational method but with the use of the

Monte  Carlo technique for integration. In  practice, the quantity:
_ Jg¥"H¥dR
(Hv =" ar (3.1)

is not easy to evaluate. It can even happen that it does not have a closed form. Hence the
use of Monte Carlo. If we multiply and divide the integrals by ¥, we get:

w2 HY
(H)ll’ = fR fR ||l1’||2dR?dR
We put
p(R) = —2 (32)
JrIP12dR
and
E,(R) =7 (33)
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In the above equations R is the set of all possible coordinates R. We call p(R) the
probability distribution function, and E;(R) the local energy function. Hence, the
expectation value (3.1) becomes

(H)y = [, p R)E,(R)dR (3.4)
with the property that
fp (R)dR =1
we obtain N
(H)y = EL(R) (3.5)

Now, we can estimate the expectation value of the local energy function by averaging its
values at discrete N points {R;,R,,...Ry}. These points must be distributed by the
probability distribution p(R).
Thus, we have [6]

(H)y = E,(R) ~ -3, E; (R;) (3.6)
The problem now turns to how we could get these points distributed by this particular
distribution. This problem is solved in statistics by the sampling techniques. By the theory
of continuous random variables, this integral represents the expectation value of the local
energy function according to the distribution p(R) [6]

(Hyy = EL(R)- (3.7)

4. The Simple Harmonic Oscillator
4.1 The Simple Harmonic Oscillator Using the Variational Method
The simple harmonic oscillator has Hamiltonian given by

H= —%E+%mw2x2 (4.1)
We will try to estimate the ground state energy of the harmonic oscillator in one dimension.
A common trial function is of a Gaussian form

P = Ae™9x” (4.2)

where A is a normalization constant, and a is a parameter to be determined.
Applying the normalization condition:

o = AP [, 720 = AP

A = [ (43

22715 = 2a4[2ax? — 1]e~ 9" (4.4)

Thus, we have

From (4.2) we obtain

We will now compute the expectation value of the energy:
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Hy= [ ¢YHypdx= [y [——+ ma)x]tpdx

2m dx?

[ee] _K2
= [ 4'e" (2= 2aA[2ax2 — 1]le™" + lmwzsze_axz) "
_%2 2
=L|A|f [Zax _1 —2ax? dx+|A| maw? f xze_Zax dx

m
_ —hZaIAI2 ’ ’ |A|2mw ’

Substituting for the value of A, we get

h2a mw?

(Hyy = — —+ (4.5)
The next step is to minimize (H)w W|th respect to the parameter a. This means that:
Xy _ me” _ 0. Hence,

da mo
a= ; (46)
Computing the second derivative and substituting for a, we get:
2
d”(H)y _ 2mw? _ 2h3 >0,

N da® = 8a° mie . .
then (H),, is minimum at a. Substituting for a into equation (4.5) we get the minimum
energy

1
(H)y, ., = Eh‘” 4.7

This is exactly the ground state energy of the harmonic oscillator obtained by solving the
problem analytically.

4.2 The Simple Harmonic Oscillator Using the VMC Method
We recall that the expectation value of the energy (H),, with respect to a trial wave function

Y is expressed as [6]

(H)y = [ EL (0)p(x)dx (4.8)
It can be estimated as follows
(Hyy = B (x) ~ w2 By (x;) (4.9)
where the points {x;} are distributed according to a probability distribution function p(x)
given by
p() = L (4.10)
S IW12dx

and the function E; (x) is the local energy function and is given by E; (x) = 1;_1/) . A common

trial function to begin with is of Gaussian form, we put one parameter « to calculate the

minimum energy
2

Y =e ** (4.112)
The distribution function is calculated simply as follows:
e—2ax’ 2@ _gqx?
p(x) = ey =\ 7 © (4.12)
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For simplicity and by a suitable choice of the physical units, we canput: m = A = w = 1.
Acting on the trial wave function (4.11) by the Hamiltonian of the simple harmonic
oscillator we get

Hy = (a + x2 G — Za)) e~ax?

Hence, the local energy function is given by

E (x) =a+x? G — Za). (4.13)
Our mission is to get the minimum of the energy. To do that in MATLAB [14], we
introduce some values for the parameter a and compute the energy for each one, and finally
we pick the minimum one. We use the Metropolis-Hastings algorithm [2] to estimate the
value of the Hamiltonian for each a according to the Monte Carlo technique. We generate
the random trial points given the point x by choosing them uniformly in the interval
(x —2,x+2). We implement all of these in the following code. We have made 20
samples, 500,000 points each.

seed = 1; rand( 'state' , seed ); %for reproducibility
a=1[0.1:.1:2];

x=[1;

for i=[1:20];

targ = @(X) exp(-2*a(i)*x"2); %target distribution
proprnd = @(X) x+ 4*(rand - 0.5); %random number generator for new points uniformly in interval (x-4,
X+4)

proppdf = @(X,y) 1/8; %propsal density function
start = rand; %initialize

nsample = 500000; %# of points

sam = [start]; %the sample matrix

for j = [1:1:nsample-1];

xt = proprnd(sam(j)) ; %new point

r = (targ(xt)*proppdf(xt,sam(j))) / (targ(sam(j))*proppdf(sam(j),xt)); %calculate the ration
if r>rand;

sam(j+1) = xt; %accept

else

sam(j+1) = sam(j); %reject

end

end

X =[x ; sam]; %matrix of samples

end

E=[]; %matrix of energy

for i =[1:20];

u=a(i) + ((x(i,:)."2) .* (0.5 - 2*(a(i)*2)));

h = sum(u)/nsample; %energy

E=[E;h];

end

H = min(E)

r =find(E==H);

alpha = a(r)

and the output is

AVAILABLE ONLINE AT www.mathematics.alexjournals.org


http://www.mathematics.alexjournals.org/

ALEXANDRIA JOURNAL OF MATHEMATICS Volume 9 Number 1 June 2020 (ISSN 2090-4320)

H=0.5000

alpha= 0.5000

We find the minimum energy is (H),, . = % which is equal to the exact energy given in

equation (4.7) providing that m = 2 = w = 1 with relatively small number of iterations.
This is because the harmonic oscillator is much simpler than any other problem in which
we use the VMC method. Here, We can see a plot of a random sample of the 20 samples
we made in Figure-1.

3000 T T
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2000

1500

1000

Figure-1 A random sample
If we plot the values of the energy for each value of a against the values of @ we get the

plot in the figure-2, and we are ensuring that the minimum energy is exactly at « = %

Harmonic Oscillator
T T

alpha

Figure-2 Energy of the harmonic oscillator as a function of alpha

5. The Hydrogen Atom

5.1 The Hydrogen Atom Problem

The Hydrogen atom is a two-body problem. We have a proton and an electron, so we have
the Hamiltonian of the system as [15]
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2my 2m;, AT EyT (5.1)
where V2 and V3 denote the Laplacian V2 computed at the coordinates of the electron and
the proton, respectively. m; is the mass of the electron, and m, is the proton mass. The
third term is the electric potential which depends on the distance r between the electron
and the proton where r; and r, are the coordinates of the electron and the proton,
respectively. Hence, the complete solution for the Hydrogen atom expressed in terms of
r,0,¢ is[15]

1
Yimn (1,0, #) = A(ar)'e 2" L3 (ar)Y,,, (6, ) (5.2)
where the constant A can be calculated by the normalization condition

f::o f;T:o f;:o | lplmnlerSinedeedd) =1
The energy is given by

4

R
ETl - 2(4m2€0)2n2h2 (53)
Putting the values of the constants in the right-hand side, we get the energy for the ground
state (n = 1)
E;s = —13.6057eV (5.4)

This is the ground state energy of the hydrogen atom to the 4™ decimal place. We shall
approximate it in the next two sections.

5.2 The Hydrogen Atom in the Variational Method
We know that the hydrogen atom is spherically symmetric due to the symmetry of the
electric potential around the nucleus

V(r) = 4-77.'60‘)" (55)
So, a reasonable trial wave function can be taken as a function of the radial coordinate r

e?

Y = Ae™ " (5.6)
where A is a normalization constant, and « is a parameter to be determined. Applying the
normalization condition:

foool/)* l/)T'ZdT' — |A|2f00° r2 e=20rdr = |A|? (L) -1

4a3
we get
|A|? = 4a3 (5.7)
Since  is a function of r only so V24 in the spherical polar coordinates becomes
1d d 1d _ 2a —
Vzl/) = r—ZE(TZ ;) l/) = r—za(—arer ar) =A (0!2 — T) e ar (58)

Assuming that the nucleus is fixed, then the Hamiltonian of the system is

H= Myz_ ¢ (5.9)
2m 4 megT
So that,
_ —hE( 5, 2a e?
H= E(a B T) " 4meor (5.10)
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Computing the expectation value of the energy we get

<H)1l’ = foool/)* Hl/)TZdT = fooo e~ ar [ﬂ (a,z _ 27“) ear _ Me—ar)] r2dr

2m ATEQT

= |4|? [%nfzfow e 2T y2dy 4 (hz—a— e’ )fwe‘z"”" rdr]

m 4meg/ Y0

= |AI? _£+(f’2_“_ e? )(L)]
8sma m 4mey) \4a?

Substituting for the value of A, we get:

_ 3| R h?  e? ) _ [h?*a®  e*a
(H)w = 4a [ sma + (4ma 16mey2 )| [ 2m 4-1'[60] (5.11)
Now, we want to minimize the energy with respect to «; % = 0, to obtain
me?
a = m. (512)
Substituting this value in (5.11) we get the minimum value of the energy
-me*

Mymin = Jameqrzn (5.13)

This is again the same value of the analytical result.

It must be noted that it is not the case in every situation we can reach the true value of
the ground state with just one parameter. In most cases, we get a poor estimation. We need
to assume more parameters to get a good approximation.

5.3 The Hydrogen Atom in the VMC Method

We will assume that the nucleus is fixed. Since the Hydrogen atom is spherically symmetric
about the nucleus, we put the trial function as a function of the distance between the
electron and the proton. In the spherical coordinates, it will depend only on r. We put

Y=e (5.14)
We will use the atomic units in which
m=h=e=4n160=1 (5.15)
The expectation value is given by
® W*HYridr
(H)y = f0f§°1l|)¢|2d;2dr

Now, we apply the Monte Carlo technique by multiplying and dividing by ¥

oo [p|? Hy
<H)¢ = fO W(7) T'ZdT' (516)
This gives a distribution function
[y|?
p(r) = e (5.17)
and a local energy function
E(r) = ‘jp—”’ (5.18)
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Now the expectation value of the energy is the average of the local energy function of N
points distributed according to p(r)
1
(H)y ~ - X1 EL (1)
Calculating the distribution function
e—ZaT 1

p(r) = [Petarriar = —e2ar (5.19)

—Zarr2dr 46{3
To calculate the local energy, recall the Hamiltonian of the hydrogen atom from equation
(5.9). With the atomic units, it becomes
H=—V2—-
Since the trial function is a function of r only, then by expressing the operator V2 in the
spherical coordinates, we have

—-i1d(2d)_1
H= 2 r2dr (T‘ dr) r (5.20)
This gives us

E.(r)= _7“ (a - %) —% (5.21)

The following is the code for the hydrogen atom. It is the same as the harmonic oscillator
code but with some modifications. the important one is that the values of » must be positive.

seed = 1; rand( 'state' , seed ); %for reproducibility
a=1[0.1:0.1:2];

s=size(a);

r=[1;

fori=[1:s(2)];

targ = @(r) (r"2)*exp(-2*a(i)*r); %target distribution
proprnd = @(r) abs(r+ 4*(rand - 0.5)); %random number generator for new points uniformly in interval
(r-4, r+4)

proppdf = @(r,y) 1/8; %propsal density function
start = rand; %initialize

nsample = 500000; %# of points

sam = [start]; %the sample matrix

for j = [1:1:nsample-1];

rt = proprnd(sam(j)) ; %new point

| = (targ(rt)*proppdf(rt,sam(j))) / (targ(sam(j))*proppdf(sam(j),rt)); %calculate the ration
if I > rand;

sam(j+1) = rt; %accept

else

sam(j+1) = sam(j); %reject

end

end

r = [r; sam]; %matrix of samples

end

E=[]; %matrix of energy

fori=[1:s(2)];

u = (-a(i)2)*@()- 2./ r(i,:)) - 1./r(i,) ;

h = sum(u)/nsample; %energy

E=[E;h];

end

H = min(E)

q =find(E==H);

alpha = a(q)
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and the output is

H=-0.5000
alpha= 1

This is the exact value of the ground state energy of the hydrogen atom. However, in most
cases when we do not have the exact form of the wave function of the problem under study,
we do not get the exact value of the ground state energy by applying the VMC. Instead, we
got a good approximation comparing to the experimental value of the energy.
If we plot the energy as a function of the parameter variable @ we get the plot in figure-3.

05 S —

06

o1 I I 1 1 1 I L I 1 1 1
0 04 0z 03 04 05 (13 or 08 09 1 14 12 13 14 15 16 T 18

alpha

Figure-3 Energy of the hydrogen atom as a function of alpha

We must note that when using the VMC method with the Metropolis-Hastings algorithm
[16], we did not use the normalization constant appeared in the denominator of the
distribution function (5.19). This is because the Metropolis-Hastings algorithm samples the
required distribution up to a constant. This is a powerful advantage of this method since it
gives us the freedom of choosing any trial function without worrying about its complexity
to calculate the normalization constant.
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